We investigate the effects of market making on market performance, focusing on allocative efficiency as well as gains from trade accrued by background traders. We employ empirical simulationbased methods to evaluate heuristic strategies for market makers as well as background investors in a variety of complex trading environments. Our market model incorporates private and common valuation elements, with dynamic fundamental value and asymmetric information. In this context, we compare the surplus achieved by background traders in strategic equilibrium, with and without a market maker. Our findings indicate that the presence of the market maker strongly tends to increase not only total surplus across a variety of environments, but also background-trader surplus in thin markets with impatient investors, with urgency captured by a limited trading horizon. Comparison across environments reveals factors that influence the existence and magnitude of benefits provided by the market maker function.
INTRODUCTION
A market maker (MM) facilitates trade in a two-sided auction market by simultaneously maintaining offers to buy and sell. An ever-present MM supplies liquidity to the market. Liquidity refers to the availability of immediate trading opportunities at prices that reasonably reflect current market conditions. In compensation for liquidity provision, MMs profit from the spread, the difference between their buy and sell offers. MM activity is generally understood to stabilize prices and facilitate discovery of accurate prices in the market [43] .
The exact role of market makers varies across market institutions. In a pure dealer market, multiple MMs competitively quote prices, and incoming market orders from investors trade at the best available MM price [31] . In a pure limit-order market, both investors and MMs submit orders with price limits, and whenever an incoming order matches an existing order, they trade at the incumbent order's limit price. This market mechanism is also called a continuous double auction (CDA), the name we use here. In a specialist market, there is a single MM designated to act as dealer, with an affirmative obligation to maintain fair and orderly markets [41] . With the transition to electronic markets, pure limit-order markets are becoming predominant [20, 23] , thus this is the market mechanism we employ in our study.
Providing liquidity can generate profits from investors, but also runs the risk of adverse selection: when traders with newer or otherwise better information take advantage of the MM's standing offers. Much of the market making literature focuses on this tradeoff and its implications for MM strategies [24, 33] ; other prior research has investigated the effects of MM on liquidity (e.g., as measured by price spreads) [18] and price discovery [34] . Although liquidity and price discovery are generally expected to be positive factors for market performance and therefore welfare, there has been a notable dearth of prior research modeling this directly. Of the existing work addressing welfare, the focus has been on the need for affirmative MM obligation due to adverse selection [4, 5] , the cost structure of market participation in supplying liquidity [30] , and trading mechanisms to incentivize market making [7] .
In this study, we investigate the effects of MM on market performance, focusing on allocative efficiency as well as gains from trade accrued by background investors. In our model, a single security is traded via CDA mechanism in a market environment comprising a single market maker and multiple background traders. The fundamental value of the security evolves according to a mean-reverting stochastic process. An investor's value for units of the security is given by this fundamental plus an agent-specific private value that decreases with the number of units held. The background traders enter and reenter according to a stochastic arrival process, each time to offer to buy or sell a single unit of the security. The single MM has no private value, and thus aims to profit by maintaining buy and sell offers with a positive price spread.
To compare outcomes both with and without market making, we search for strategy configurations where traders best-respond to the environment and other-agent behavior. As analytic game-theoretic solution of this rich dynamic model appears intractable, we employ empirical simulation-based methods to derive equilibria over a restricted strategy space. For background traders, we consider parameterized strategies based on Zero Intelligence agents [25] . For the MM, we consider heuristic strategies loosely based on that defined by Chakraborty and Kearns [9] . From extensive simulation over thousands of strategy profiles, we estimate game models for various instances of the target scenario.
Analysis of the empirical games provides strong support for overall welfare benefits of market making and evidence for a general benefit for background investors in thin markets with limited trading horizons. We derive empirical equilibria with and without mar-ket making in a number of environments, finding that the mix of background-trader strategies in equilibrium varies depending on the presence and strategy choice of the MM. In all of our environments, market making is profitable in equilibrium, and in all but two equilibrium comparisons, the presence of MM increases overall welfare (background trader surplus combined with MM profit). In markets with impatient investors, we find typically that the background traders themselves are better off (in expectation), that is, welfare is improved net of MM profits. However, if the background traders have ample time horizons, then MM profits often exceed any improvement in overall efficiency, so the background investors are net worse off with the MM present.
In the next section we explain by way of example the potential role of market makers in alleviating allocative inefficiencies. We describe relevant work in Section 3. Section 4 discusses the market environment including background-trader strategies, and Section 5 describes our MM strategies. In Section 6 we present our empirical game-theoretic analysis, and we conclude in Section 7.
MOTIVATING EXAMPLE
We illustrate the problem of allocative inefficiency in CDAs, and the influence of market makers, with the following simple example. Suppose a market with four background traders: two buyers and two sellers. The buyers have values b1 and b2, and seller values are s1 and s2, with b1 > s1 > b2 > s2. Let us further assume for this illustration that the traders submit orders at their valuations.
Suppose that the orders arrive at the market in the order shown in Figure 1 . Then buyer 1 trades with seller 1, and buyer 2 with seller 2, achieving a total surplus of (b1 − s1) + (b2 − s2). The socially optimal allocation, in contrast, would have buyer 1 trading with seller 2, for a total surplus of b1 − s2. The difference between the optimal and achieved surplus is ∆ = s1 − b2 > 0. We can attribute this loss to the vagaries of the sequencing of limit orders, combined with the greedy matching implemented by the CDA mechanism. We choose to depict in the figure a sequence that leads to a suboptimal allocation; however, this is not the only one.
In fact, only one-third of the possible orderings of these bids (8 out of 24) would result in the optimal allocation, with the remaining two-thirds under-performing by ∆. Now suppose there is a market maker who continually maintains buy and sell offers in the auction, with difference δ between them. As long as the MM's offer to buy is within the interval (s2, s1), and its offer to sell falls within (b2, b1), then for this sequence of order arrivals, buyer 1 and seller 2 will trade with the MM, and the allocation will be efficient. If the MM quotes lie within the narrower interval of competitive equilibrium prices 1 [b2, s1], then the efficient allocation is achieved for any sequence. In such cases, the MM accrues a profit of δ, with the remaining surplus divided among background traders.
The MM promotes efficiency in this example by providing liquidity to the market. In the absence of MM, when buyer 1 arrives, it has nobody to trade with. Seller 1 fills the vacuum and makes a profitable trade with this buyer, but at a price quite removed from that which would match supply and demand aggregated over time. An MM with quotes approximating this long-run price, in contrast, allows arriving bidders to trade near prevailing prices. Equally important, it prevents bidders who should not trade based on their valuations from doing so.
Even assuming that the MM improves overall efficiency, does it make the background traders better off? In the specific scenario of Figure 1 , the background traders benefit (in aggregate) if δ < ∆. If instead we consider the same set of four bids, but submitted in random order, then the background traders are clearly worse off in the third of instances where they would have achieved the efficient allocation without the MM's help. With random sequencing, the background traders benefit in expectation if and only if δ < 2 3 ∆. More generally, we see that the question of whether MM presence is welfare-improving for background traders depends on specific details of the market setting. For background traders, the MM contribution may be sensitive to the distribution of valuations and bids, as well as their pattern of arrival over time. It also depends pivotally on the MM strategy-how well it tracks the prevailing market price and how large a spread the MM maintains between its buy and sell offers. In realistic environments, valuations include a combination of common and private elements and may evolve over time. Based on time and role, agents may have differential information about the common-value component. Thus for timevarying environments, we cannot assume the MM knows the underlying market equilibrium; it must instead act adaptively based on observations and statistical assumptions. Moreover, individual traders may reenter the market to revise bids or reverse transactions, or to trade multiple units of the good. If such reentry were costless, market making would not be necessary to achieve allocative efficiency, as the traders could exchange among themselves to quiescence. In other words, liquidity has economic value only if patience and market participation have costs or limits.
With such complications, it seems unlikely we will be able to establish general analytical conditions for the benefits of MM. We therefore adopt a simulation approach, employing empirical gametheoretic techniques to search for strategically stable backgroundtrader and MM strategies. Our model includes all of the elements listed above, within an extensible framework that could incorporate (in future work) additional relevant features of financial markets.
RELATED WORK
Literature on market making lies predominantly within the field of market microstructure, which examines the process by which prices, information, and transactions are formed by detailed interactions of traders in a market mechanism [6, 36, 39] . Early work focused on dealer markets, in which a monopolistic MM (the dealer) controls trading by acting as the middleman. Garman [22] presents an explicit formulation of the market maker's optimization problem. O'Hara and Oldfield [40] and Amihud and Mendelson [3] concentrate on the impact of dealer inventory on spreads, while the seminal model of Glosten and Milgrom [24] frames spread as arising from adverse selection. Others focus on the consequences of informed trading on MM [33, 12, 17] , as well as the role of market makers as liquidity providers [27, 44] .
Much of the relevant theoretical literature, however, relies on simplifying assumptions of MM behavior and trader interactions [6] . Empirical studies have provided insight on the effects of market makers in real-world markets [38, 20, 42, 37, 29] . Historical data alone, however, cannot elucidate the strategic choices faced by market participants. Agent-based modeling (ABM) and simulation of financial markets has proven conducive to exploring these questions [35] ; however, only a handful of ABM finance papers focus on market making [10, 14, 17] .
Outside of microstructure, researchers have developed MM strategies for a variety of settings, including prediction markets [28, 11, 2] , dealer-mediated markets [16, 32] , CDAs [19] , and environments where prices are generated exogenously [1] . In this last category, Chakraborty and Kearns [9] demonstrate the profitability of market making given a mean-reverting price series series. They propose a simple MM algorithm to submit a ladder of prices; the market makers we investigate can be viewed as variations on this strategy.
None of these studies, however, address questions about allocative efficiency in the market. To our knowledge, the literature on welfare effects of MM behavior is quite limited, and existing studies are largely concerned with how adverse selection affects allocative efficiency. For example, Bessembinder et al. [4] demonstrate that restricting spread widths improves allocative efficiency and encourages more traders to become informed. Their results suggest that MMs enhance efficiency primarily when information asymmetries are significant. Brusco and Jackson [7] illustrate the inefficiencies of competitive markets in a two-period model in which the market maker position is designated via an auction. They also design a system of trading rules to reach an efficient allocation by identifying and incentivizing MM agents. Huang and Wang [30] propose a model in which provision of liquidity is endogenous, finding that mandating participation tends to improve welfare, but that the welfare effects of lowering costs for liquidity provision per se are ambiguous. In a similar vein, Bessembinder et al. [5] present a model in which a firm can sell an asset to an investor in an IPO, with the option of paying a designated market maker (DMM) in exchange for liquidity provision in a secondary market. When the secondary market is illiquid due to asymmetric information and uncertainty regarding the asset's fundamental value, social welfare can be improved if the firm enters into a DMM contract.
MARKET ENVIRONMENT
To investigate the effect of market making on allocative efficiency, we construct a simple model of a single security traded in a continuous double auction market. Prices are fine-grained but discrete, taking values at integer multiples of the tick size pts. Time is likewise fine-grained and discrete, with finite horizon T . Agents arrive at designated times, and submit limit orders to the market. The CDA maintains price quotes reflecting the best outstanding orders. B IDt corresponds to the highest buy offer at time t, and ASKt to the lowest offer to sell. Other bids in the order book are not visible to traders. The market environment is populated by multiple background traders, representing investors, and (optionally) one market maker. At any given time, the background investors are restricted to a single order to buy or sell one unit, whereas the MM may maintain orders to buy and sell any number of units at various prices.
Valuation Model
Each background trader has an individual valuation for the security comprised of private and common components. We denote by rt the common fundamental value for the security at time t. The fundamental time series is generated by a mean-reverting stochastic process:
Parameter κ ∈ [0, 1] specifies the degree to which the fundamental reverts back to the meanr, and parameter ut ∼ N 0, σ 2 s is a random shock at time t.
The private component for agent i is a vector Θi representing differences in private benefits of trading given the trader's net position, similar to the model of Goettler et al. [26] . The vector is of size 2qmax, where qmax > 0 is the maximum number of units the agent can be long or short at any time, with
Element θ q i is the incremental private benefit obtained from selling one unit of the security given current position q, where positive (negative) q indicates a long (short) position. Similarly, θ q+1 i is the marginal private gain from buying an additional unit given current net position q.
We generate Θi from a set of 2qmax values drawn independently from a Gaussian distribution. Letθ ∼ N 0, σ 2 PV denote one of these drawn values. To ensure that the valuation reflects diminishing marginal utility, that is, θ q ≥ θ q for all q ≤ q, we sort theθ and set the θ q i to respective values in the sorted list. Background trader i's valuation v for the security at time t is based on its current position qt and the value of the global fundamental at time T , the end of the trading horizon:
For a single-quantity limit order transacting at time t and price p, a trader obtains surplus: vi(t) − p for buy transactions, or p − vi(t) for sell transactions.
Since the price and fundamental terms cancel out in exchange, the total surplus achieved when agent B buys from agent S is θ
, where q(i) denotes the pre-trade position of agent i.
Background Trading Strategies
There is an extensive literature on autonomous bidding strategies for CDAs [21, 48, 15] . In this study, we consider trading strategies in the so-called Zero Intelligence (ZI) family [25] .
The background traders arrive at the market according to a Poisson process with rate λa. On arrival, they are assigned to buy or sell (with equal probability), and accordingly submit an order to buy or sell a single unit. Traders subsequently reenter the market, with time between entries distributed exponentially at rate λr. Agents may trade any number of times, as long as their net positions do not exceed qmax (either long or short). At the end of the simulation period, background traders liquidate their accumulated inventory at rT , the end-time fundamental. Background traders are notified of all transactions and current price quotes with zero delay, and may use this information in computing their bids.
A ZI trader assesses its valuation vi(t) at the time of market entry t, using an estimatert of the terminal fundamental rT . The estimate is based on the current fundamental, rt, adjusted to account for mean reversion: 2
The ZI agent then submits a bid shaded from this estimate by a random offset-the degree of surplus it demands from the trade. The amount of shading is drawn uniformly from range [Rmin, Rmax]. Specifically, a ZI trader i arriving at time t with current position q submits a limit order for a single unit of the security at price
We also consider a threshold parameter η ∈ [0, 1], whereby if the agent could achieve a fraction η of its requested surplus at the current price quote, it would simply take that quote rather than posting a limit order to the book. Setting η = 1 is equivalent to the strategy without employing the threshold.
In our model, background traders are permitted to reenter the market, thus we denote agents employing this strategy ZI with Reentry (ZIR). Upon each reentry, the ZIR trader withdraws its previous order (if not transacted yet) before executing the strategy described above.
MARKET MAKER STRATEGIES
Much of the prior work on MM strategies treats the market maker as a dealer [24, 16] . In our model, all trades execute through the CDA order book, therefore the MM submits limit orders just as background traders do. We consider a family of MM strategies that submit at time t a ladder of single-quantity buy and sell orders, comprised of K rungs spaced ξ ticks apart:
for buy orders with St > Bt and K, ξ > 0. The MM arrives at time 0 and reenters the market according to a Poisson process with rate λMM . On reentry at time t, the MM observes the current fundamental rt, which it may use in determining its ladder of buy and sell orders. It cancels any standing orders remaining from its previous ladder when submitting a new ladder. Like the background traders, the MM liquidates its inventory at the end of the trading horizon. The liquidation price is the global fundamental value rT . The MM's total profit is defined by the sum of trading cash flow plus liquidation proceeds.
To avoid crossing the current B ID-ASK quote, the MM truncates its ladder. Specifically, if B IDt > St (or similarly, Bt > ASKt), the agent cuts the ladder off at the rung that is at or above (below) the current B ID (ASK) price. The truncated ladder is:
where x > 0 specifies the rung immediately above B ID (for sell orders) or below ASK (for buy orders). That is, x satisfies the condition St
Within this family of of MM strategies, we define the Fundamental Market Maker (FUNDMM), which uses its observation of the current fundamental rt to inform its ladder construction. FUNDMM computes an estimatert of the terminal fundamental rT via (1), and centers its ladder around this estimate. It determines its spread ω either via the current quote (i.e., ωt = ASKt − B IDt), or by a fixed value specified as a strategy parameter. The central ladder prices are:
6. EMPIRICAL GAME-THEORETIC ANALYSIS
We have described a variety of strategies for the roles of background trader and MM, each with tunable parameters. Evaluating the effect of market making for all combinations of strategy choices would be infeasible; moreover, the various strategic contexts are not equally relevant. Generally speaking, we are most interested in the effect of market making when all agents are doing their best to generate profit. In other words, we wish to evaluate the impact of MM in equilibrium, that is, where both the background traders and MM are adopting the best strategies, given the environment and other agent strategy selections.
We qualify our equilibrium analysis in two ways. First, we consider only a restricted set of available strategy choices, defined by selected parameterized versions of the strategies introduced above. Second, we determine equilibria among these strategies through a simulation-based process, known as empirical game-theoretic analysis (EGTA) [47] . In EGTA, we use systematic simulation of strategy profiles in a specified environment to induce a game model of that environment. For the present study, we simulate an instance of the financial market described in Section 4, using an extension of the discrete-event market simulation system developed for our previous study of latency arbitrage [46] . We generate data for various combinations of the strategies introduced in Sections 4.2 and 5, each sampled over many runs (all environments in this study averaged at least 241 per profile, most over 5000) to account for stochastic effects (valuation schedules, trajectories of the market fundamental, agent arrival patterns). From this data we estimate game payoffs and derive equilibria with respect to the strategy space explored. We then take these equilibria as the basis for evaluating MM welfare effects.
Environment Settings
We evaluate the performance of background traders and the MM within thirty parametrically distinct environments. For each environment, we analyze two empirical games that differ in whether the MM is present. In all settings, there are N ∈ {25, 66} background traders who arrive at a rate λa = 0.075. Each simulation run lasts T time steps. If present, the MM in each environment enters the market at the start of the simulation and reenters with rate λMM = 0.005, or approximately once every 200 time steps. The global fundamental has a mean valuer = 10 5 and mean-reversion parameter κ = 0.05. The minimum tick size pts is fixed at 1. If we interpret the tick size as a thousandth of a dollar ($0.001), then the mean fundamental is $100. The variance for the private value vector is σ 2 PV = 5 × 10 6 . The maximum number of units the background trader can be long or short at any time is qmax = 10.
The environments differ in number of background traders (N ), background-trader reentry rate (λr), fundamental shock variance (σ 2 s ), and time horizon (T ). The configurations of parameter settings for N ∈ {25, 66} background traders are as follows. We describe each environment by its configuration label, followed by time horizon (in thousands). For example, B12 is the environment labeled B above with T = 12000.
EGTA Process
We model our market as a role-symmetric game, in which players are partitioned into roles, each with a specified strategy set. The payoff for playing a strategy in a particular role depends on the number of other agents playing each strategy in this role and the others, but not on how the strategies are mapped to players within the roles. Our two roles are background trader (25 or 66 players) and market maker (one player).
Even exploiting symmetry, game size grows exponentially in players and strategies, so it is computationally infeasible to analyze games with this many traders. We therefore apply aggregation to approximate the many-player games as games with fewer players. The specific technique we employ, called deviation-preserving reduction (DPR) [49] , defines reduced-game payoffs in terms of payoffs in the full game as follows. Consider an N -player symmetric game, reduced to a k-player game. The payoff for playing strategy s1 in the reduced game, with other agents playing strategies (s2, . . . , s k ), is given by the payoff of playing s1 in the full N -player game when the other N − 1 agents are evenly divided ( N −1 k−1 each) among strategies s2, . . . , s k . We chose values for N in this study to facilitate DPR by ensuring that the required aggregations come out as integers: the approximation of an (N, 1)-size game (i.e., N background traders and 1 MM) by a (k, 1)-player reduced game works best when k divides N and k − 1 divides N − 1. Specifically, we use simulation data from the (66, 1)-agent environments to estimate reduced (6, 1)-player games, where six players represent the 66 background traders in the simulated environment. We similarly estimate (5, 1)-player games from the (25, 1)-agent cases.
We iteratively apply EGTA to guide our exploration of the strategy space. Exploration starts with the most promising profiles and spreads through their neighbors, that is, those profiles related by single-agent deviations. The goal in this process is to identify Nash equilibria, and we focus our search on role-symmetric (pure or mixed) Nash equilibria (RSNE). As the observed payoffs from our simulator for a given profile are incrementally added, we analyze each successive intermediate game model by computing (mixed) equilibria for each complete subgame, defined as a set of strategies for which we have simulated all profiles. These represent candidates for equilibria of the full game, which we can refute by finding a beneficial deviation outside the strategy set, or confirm by examining all deviations without refuting. We continue to refine the empirical game with additional simulations until at least one equilibrium is confirmed and all non-confirmed candidates are refuted. In this study, we successfully found at least one and at most six non-trivial RSNEs for each game evaluated, with support sizes (i.e., numbers of strategies played with positive probability) up to five for background traders and up to three for MMs.
We utilize the EGTAOnline infrastructure [8] for conducting and managing our experiments, and our simulations are run on the highperformance computing cluster at the Center for Advanced Computing at the University of Michigan. The process accumulates a dataset of profile simulation results, which we use to estimate payoff values for strategy profiles in the game.
For all the games we model, there exists a trivial pure RSNE in which all agents play a "NOOP" strategy that refrains from bidding. This exists because if none of the other agents (background traders or MM) submit limit orders, then there is nobody to trade with and there will be no transactions regardless of the strategy the subject agent employs. In our discussion below, we ignore this degenerate equilibrium, which obviously has payoff zero for all agents.
To provide a benchmark for efficiency, we calculate the social optimum based on the trader population and valuation distribution used in our environments (i.e., N ∈ {25, 66} background traders with parameters qmax = 10 and σ 2 P V = 5 × 10 6 ). We determine the optimum for a particular draw of N valuation vectors by treating each as a demand curve and finding a uniform competitive equilibrium price. This is conveniently implemented in our simulation environment, where valuation vector Θi is represented by a background trader i, who submits qmax single-unit sell orders at pricesr + θ s i , s ∈ {−qmax + 1, . . . , 0}, and qmax single-unit buy orders at pricesr + θ b i , b ∈ {+1, . . . , qmax}. A call market computes a uniform clearing price to match supply and demand, which defines the optimal allocation for the sample. From 20,000 samples, we find a mean social welfare of 44155 and 16306 for 66 and 25 background traders, respectively. Figure 2 presents histograms of trades per background trader in the social optima. 
Game without Market Making
The empirical games without MM cover 13 background-trader strategies: 12 versions of ZIR 3 (see Table 1 ), and the no-trade strategy NOOP. We identified at least 1-3 ZIR equilibria 4 for each of our thirty environments (see Tables 2 and 3) . For each equilibrium, we calculated background-trader surplus by sampling 10,000 fullgame profiles according to the equilibrium mixture, running one simulation per sampled profile and then recording the aggregate surplus.
Game with Market Making
Our games with MM include the 13 background-trader strategies from the no-MM treatment above, plus eight strategies for the MM role. The MMs employed in our game analysis are all parametric variants of FUNDMM (Section 5), with K = 100 rungs spaced ξ units apart. One variant sets its spread using the current price quote at reentry, whereas the others employ a constant spread ω ∈ {64, 128, 256, 512, 1024, 2048}. Rung size ξ is 100, plus two variants with ξ = 50 for ω ∈ {256, 512}. The equilibria found are presented in Tables 4 and 5 . Background-trader surplus and MM profit are estimated for each equilibrium based on the sampling method described for the no-MM game above. 
Comparison of Market Performance
Our findings with regard to the central question in this paper are presented in Figure 3 . For each environment, we compare equilibrium outcomes, with and without an MM, on two measures: social welfare and background-trader surplus. Since there are often multiple equilibria, the differences are presented as ranges, delimiting the most and least favorable comparisons.
In the scenarios with 66 background traders (Figure 3(a) ), the change in overall welfare is generally positive, with only two environments (A60 and B120) providing small exceptions. The change in background-trader surplus, in contrast, varies widely across environments, with multiple examples of both positive and negative changes. The effect is strongly negative in the A environments with longer trading horizons, which may be explained by the significant information advantage of MMs over background traders due to their disparate reentry rates (λMM = 0.005 versus λr = 0.0005). For environments A60, B12, B120, C12, and C120, the total social welfare, regardless of whether MM is present, is very close to the socially efficient outcome of 44155. That is, the ZIR background traders in these environments extract nearly all the potential surplus in the market on their own. Intuitively, given sufficient time for reentry (as governed by horizon T and reentry rate λr), agents with private values on the right side of competitive prices will eventually trade, and any inefficient trades can effectively be reversed. When the background traders have sufficient time to reach efficient Table 3 : Symmetric equilibria for games without market makers, N = 25, calculated from the 5-player DPR approximation. Data presented is as for Table 2 .
outcomes, the MM can provide little benefit to overall welfare, and its profits tend to come out of background-trader surplus. The trading horizon T reflects whatever might limit an investor's patience (liquidity needs, portfolio hedging, cost of monitoring, etc.). By curbing agents' ability to find efficient trades, the time constraint limits their ability to extract all potential surplus solely by trading with each other. This problem is exacerbated in a thin market, where agents encounter fewer potential counterparties per unit time. Both factors increase the likelihood that agents trade inefficiently, as they lack sufficient time and opportunity to reverse poor transactions. In such scenarios, the MM can boost not only overall welfare but also background-trader surplus by facilitating trade among impatient investors arriving at different times. In our study, for markets populated by 25 background traders (Figure 3(b) ), the market maker significantly improves both welfare and background-trader surplus for T ∈ {1000, 2000}. As for N = 66, the N = 25 background traders in environments with sufficiently long T get close to the social optimum without MM. The presence of the MM further improves overall social welfare in these environments up to the optimal value, enabling extraction of all surplus in the market at some loss to the background traders.
For both population sizes, background traders generally shade less when MM is present. In particular, for the N = 25 environments in which background-trader surplus improves with MM, the midpoint R mid of the ZIR bid range is significantly lower in equilibria with MM. This indicates that the MM facilitates optimal allocations; with MM present, background investors can demand less surplus per trade, yet still achieve greater payoff than without the market maker. We also find that MM spread ω tends to be larger for environments with shorter trading horizons, as we would expect when traders are more impatient. Finally, we evaluate liquidity for the maximum-welfare RSNE (Figure 4) , with and without MM, by sampling results from profiles at the RSNE proportions. We measure liquidity via the B ID-ASK spread (narrower spreads reflect greater liquidity) and backgroundtrader execution time (interval between order submission and transaction). In general, both spreads and execution times drop with MM, which is indicative of the liquidity-provisioning capacity of the MM. In the thinner markets, spreads without MM are significantly wider than in the thicker markets, as would be expected. The presence of the MM serves to significantly narrow spreads nearly down to the levels present in the more populous environments. The fact that the liquidity proxy measures improve with MM in environments where background trader surplus does not, however, underscores that these measures are not adequate substitutes for direct evaluation of investor welfare.
CONCLUSIONS
In this study, we employed a simulation-based approach to compare several parameterized environments with and without a market maker. We modeled a single security traded in a CDA populated by multiple background traders, and we characterized the strategic play in the induced empirical game model. This enabled us to compare outcomes in equilibrium, that is, allowing the background traders and market makers to strategically react to each others' presence.
Our analysis demonstrates the generally beneficial effects of market making on efficiency, and shows that whether these benefits accrue to background investors depends on market characteristics. Specifically, we find a strong tendency of MMs to improve the welfare of impatient investors (those in environments with short time horizons), especially in thin markets, but no such benefit in environments comprising more patient investors.
Our study has several limitations, which must be taken into account in assessing our conclusions. First, our methods involve sampling, approximation, and limited search, all of which bear on the accuracy of equilibrium determinations. Sampling error is mitigated through the large number of simulation runs we gather over a breadth of environments and profiles, so not a fundamental concern for our conclusions here. The player reduction method we employ (DPR) has been shown to produce good approximate equilibrium estimates on other problems [49] , and for our purposes approximate equilibria provide a sufficient basis for outcome comparison. However, DPR estimates are not guaranteed approximations, and it would be reassuring to confirm their quality in the context of our trading scenario. Even within the DPR game, we are unable to evaluate all profiles and cannot be sure that we have found all equilibria. Our search process attempts to evaluate all promising equilibrium candidates, but identifying these is not guaranteed.
A second area of limitation is the relatively narrow exploration of strategies. Further investigation may yield improved versions of ZIR or other strategies (for example adaptive variants [13, 45] ) that could alter equilibrium findings. Similar improvements may be found on the MM side, for instance with strategies incorporating learning [1] .
Finally, our exploration of environments is also far from exhaustive. Whereas covering all plausible environments is infeasible, a broader range of variation on number of players, valuation distributions, and fundamental dynamics could go a long way in illuminating and validating robust conditions for qualitative welfare effects of market making in continuous double auctions. A1  A2  A4  A12  A60  B1  B2  B4  B12  B120  C1  C2  C4 C12 C120
(b) N = 25 Differences are presented as ranges, reflecting the multiplicity of equilibria found in some environments. The left point of each range is the minimum gain (in some cases a loss), that is, the lowest value observed with an equilibrium with MM minus the highest value observed in any equilibrium without MM. The right point is the maximum improvement observed: the difference between the highest value with MM and the lowest without MM. 
